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New example of AdS/CFT: [Aharony, Bergman, Jafferis, Maldacena, 2008]

N =6 CSM theory lIA strings
«—>
(in 2+1 dimensions) in AdS, x CP?3

Scalar fields are in (N, N) of U(N) x U(N) (rather than adjoint),
and the spin chain vacuum is
J
0 =Tr (Y1)

Can excite even or odd chain,

decoupled at leading order: [Minahan & Zarembo, 2008]
J
A — E = %2: (Hi,i+2 + Hi+l,i+3) + four |00pS

Remaining symmetries fix the exact dispersion relation

E = A———\/—+4h()\)23|n22

but leave the function h(\) unknown.
(This was true in AdSs x S° case too, but there f(\) = \ exactly.)



Weak coupling:

h(\)2 = X2 —4¢(2) M +... )\=%<<1

[Leoni, Mauri, Minahan, Ohlsson Sax, Santambrogio, Sieg, Tartaglino-Mazzucchelli 2010]

Strong coupling:
A d R4
h()\)—\/;+c+ﬁ+... )\—W>>l

where from spinning strings:

A—-S log 2 1 .
— = 3= _ + -
0gS 2h()\) — 3 o o(h) from sl(2) Bethe equation
log 2
Y or old sum Cold = _loge
=V2\+ using = 2
_,log2 new sum Crow = 0
2T

[Gromov & Vieira] [McLoughlin & Roiban] [Alday, Arutyunov, Bykov] [Krishna
[McLoughlin, Roiban, Tseytlin] [Gromov & Mikhaylov] 2008




String energy corrections are
h
0E = Z(—l)FkEw,ﬁ
n,k
Modes are of course perturbations like this
X + et X p

W
classica
w?=k?+1 heavy
w?=k2+1/4 light

(3 subspaces radius R and R/2)

— plane waves e**—1wt#9/2 g5 x — 400, with

Cutoff prescriptions:

N
: ligh
0Eqqg = lim E (wr:g L4 w,qeavy>
N—oo

n=—N
N 2N
- light h
OEnew = lim E wpd + g whoeW
N—oo
n=—N n=—2N

Heavy or light alone diverge as log N. [Gromov & Mikhaylov, 2008]



Giant Magnons

These are classical string solutions having exactly
the fundamental dispersion relation:

‘J_ Q2 2-2p
A_E_\/T+4h(/\) sin >

2 c V8\sin? P
:\/Q—+2)\sin2E+ 2 +O<i)
4 2 \/12+2)\ sin® 8

In AdS, x CP?3 we have:

Q=1 CPl =82 same as [Hofman & Maldacena, 2006]
Q ~ VA CP2Zdyonic [MCA, Aniceto, Ohlsson Sax] [Hojlowood & Miramontes] 2009

and superimposing two of these, v
Q=1 RP? ~ S?
Q ~ v\ RP3xS3 same as [Dorey, 2006]'s dyonic
Q=0 “big” a solution in which +Q — Q caneel.
Finding modes §X*(x,t) by hand is hard, so we use power tools:=

A



Algebraic Curve:

Classical string solutions  «——  Riemann surfaces
one-to-one

Construction from Lax connection:

M(x) =P exqu{daJa(x) eigM = {eP1®) gPzl) glPst) " 1

Giant magnons have a single log cut:

N|T

X ) X —X*
i = i 1og (250 -

Choice of sheets determines type...




Well-developed scheme for semiclassical perturbations:
e Add ,/~ cut connecting sheets (i, )

e at pointy solving gi(y) — gj(y) = 27n
o with filling fraction S;; = £ fcij dx (1-%)qg(x)=1

: Beisert, Kazakov, Sakai, Z bo, 2005
Light modes connect to sheet 5 or 6, [Beisert, Kazakov, Sakal, arempo. ]
heavy modes do not [Gromov, Vieira, 2007]

After constructing mode §q;(x), read off its perturbation of the energy:
SA = Qy(y) = wy

For giant magnons, the “the off-shell frequencies” are:

Q 1 1 Xt + X~ ¢ ® = —ex=zi
ight () = v -1 ( - VW) I ——
2 X+ X~ I ——
Q = —_ 1 J— _— T
heavy(y) yz o 1 ( y 1 + X+x_) ‘
Only change from S® is the factor of 2. : R —




Not easy to find positions x., hence “on-shell” frequencies wl = Q;(x}).
Can still add them up, with an integral: [Schafer-Nameki 2006]

1g o fi
OB = 5> (D% 2i(x7) 27n = qi(x) — g;(x)

- %Z(_l)ﬁi dn cot(rn)g; (xY)
i

R(N)
_1 Z(_l)pijj{ dx g (x) — g/(x) cot [(G) — Gi(x) 0 ()
4| i —U(e) 27T 2 U
where we have unwrapped x contour: ... to this: y

X* Ul(e)

Ignore components other than U(e) for how, X~
but must worry about cutoffs.




New sum is simplest: xJ<®¥ ~ x\®", thus cut off at same x = 1 + ¢ for both:
Enew = lim dx 7 q' qJ cot(A51)Q(x)
0 —4i j
U(e)

=0
(Done by [Shenderovich, 2008], before [Gromov & Mikhaylov, 2008] wrote the sum...)

Old sum is more work, X7 — 1 ~ 2(x," — 1) so

0Eoq = lim Zj’{ dx + Y f{ CUY 99 cot(9-9)0, (x)
<0 ij light U(e) ij heavy U(2e)
—log2,_, . p
= 2sin -
27 2

—log2 V8Xsin?5

Dyonlc case: 0Eqqg = on \/943+2>\ sin? %

[MCA, Aniceto, Bombardelli, 2010]

Again heavy and light are each log ¢ divergent;
this is where ¢ = —'%2% comes from.



Suppose you wanted a physical cutoff: always the same energy A:

1 " ) )
OEphys = > Z Z (—1)"iw) wy, =NV modes ij
ij nszij
=Z dx ... etc. QA +¢)=A

ij U(eip)

Then using the magnon’s frequencies
1 Xt + X~ 1 (i,)) light
Q(y)'y2—1(1_3’1+x+x) X{z heavy

you would be led to
sinL  sin® % 1
— 4 2
fight = A T g2 +O<F>
sin®®

o = 22+ S 0((5) = 200 0

Only two.
And first terms enough precision — the integrals are log e divergent.

A



Finite J Magnons

Corrections are organised like this:

E = Z Am,n (eiA/m)m (eiZA/E)n

m,n=0,1,2...

e 3y = Egass. + OE is the case J = oo from before.
e Corrections an o are F-terms, zero classically.

e Corrections ap,, are p-terms, classical + one-loop,
SO we can make a comparison:

A _ 1
—on/E = A 28/E0(1/2/2p.Q) i -
aop 1€ \/; Aclass.(P, Q) € +0E" + O<\/X> from algebraic ¢

1
= h()\) a-class.(pa Q) eizA/EO(h’p'Q) + asubLe*ZA/EO + 0O (H) from Lisher fc

Will calculate J)E* starting from classical finite-J solution.



Aside, F-term corrections.
For infinite-volume terms, we kept the first term in

cot <ql - qJ) — :f:l 1+ Ze:Fi(qi—Qj) + 2e:!:2i(Qi—Qj) + ...
2 (=1 =2

For ap; we need the second term:

1 .
SEFl=__—_ / dx Qi (X) (-1)FieT@-q) s
Ari zi: e [ij%n L—call this Flfgml)

o ANV 2\/2)\< cos &

A \1- sing a 1) (saddle point x =)

... matching Luscher calculation of [Bombardelli & Fioravanti, 2008].
For ap > we need also the third term:

SEF2 = _1/U dx {1 Fli(é;tZ) Qs(x) + F (=1 29g5(x)]

2ri 2 heavy
:e_ZA/\/ﬁz \/ZA COS%—l
Ar \sinf -1
Heavy modes contribute starting at F,2. [MCA, Aniceto, Bombardelli, 2010]

No cutoff issues — terms are separately finite.

A



Finite-J classical solution

This is in fact the more natural case in the curve,
where the magnon is a two-cut solution:

| A Y+X+ T \\/
Xplane re-organise :
cuts to:
. o S
o |Poe : log
1V :
y- X" 4 length § ~ e 2/

We expand everything in § = |X* — Y *|, to order §.
Elementary dyonic magnon (i.e. CP?):

0E = —32g° cos(2¢)L sin® (B> e BE/S®)
S(5)

where S(%) = ﬁ’m + 2\ sin’ ( ) [MCA, Aniceto, Ohlsson Sax, 2009]

CP! and RP?, RP? cases just like S°. [AFZ], [0&S] 2006, [H&S] [M& O-S] 2008

A



Efficient construction of off-shell frequencies € (y).
Only (1, 5) and (4, 5) by hand, then: [Gromov, Schafer-Nameki, Vieira, 2008]
[Bandres & Lipstein, 2009] for CP3
e Inversion condition dgs(;) = —dqa(y) gives

Q35(y) = Q45(0) — Q45(§) etc.
(using unphysical poles |1/y| < 1)

e Heavy modes are those without a pole on sheets 5, 6.
These are constructed

Q17(y) = Qus(y) + Qus(y) etc.

(by canceling poles on sheets 5 or 6) R
R ——
But on-shell, (i.e. evaluated aty = x,ﬂj : )
heavy modes are not superpositions. e — ——




Results:

QP(y) + Q2 (y) + 0(6%)

, X X2 -1
s2eexr2_Y 0 0 _
&N E T A, +1)2 X2 1

1 X5 — Xy
Y — XF8(X; Xy +1)(X;

2 2 4i2¢ y+2
Qi + |6%e® XS

Q45(y)
Mode (i,j) Frequency Q;(y)
(1,5) Q5(y) Qa45(y)
: 2,5 Q
FeH%E)tns él, 6; Qig; f(x) =
(2,6) Qs(y)
(3.9) Q45(0) — Qas(})
Light (3.6) Q45(0) — Qs () 24(y) =
Bosons (4,5) Qus(y) ngs)(y) —
(4,6) Q45(y)
17 Q5(y) + Qs5(y) Q?(y) =
Heavy (&7 Q45(y) + Qs (y)
Fermions (1,8) | Qis(y) + Qs (0) — Qus(y)
(2,8) [ Qus(y) +Qas (0) — Qus(y)
1,9 2815()/)
1,10 2
B ((2, 9)) zgiigi
(3,7) [ Quas(y) + Qus(0) — Qus()




Ule) (+
Same integral as before: <>
SEINT = - Z j{U( dx (_1)51% cot (M) Q;(x) G

(plus some other terms) S°® case: [Gromov, Schafer-Nameki, Vieira, 2008]

What's new is worrying about cutoffs:
e New (same ¢; Vij) works fine. (but not using SN + 5721

e Old (meaning eneavy = 2€ignt) l€ads to linear divergences...

e Physical works fine!
Need precision ¢ = £ + % + % since 3" wy ~ N2 ~ 1/€? for each (i, j)

Simplest case: RP2? magnons, which have same cut structure as S°.

‘New’ matches [Bombardelli & Fioravanti, 2008]'s Llischer calculation
with ¢ = 0, and ‘Physical’ matches with ¢ = —"’2%2.
[MCA, Aniceto, Bombardelli, 2011 i.p.]

For elementary magnon, both AC and Luscher calculations are new...



Near-Flat-Space Mass Corrections

Now no solitons, just strings near to “BMN vacuum”
(pointlike J ~ v/ > 1 string) in a simplifying limit.

First the AdSs case, done by [Klose, McLoughlin, Minahan, Zarembo, 2007].
Dispersion relation, when pepain ~ A~1/4:

3 k,r
: Pchain
E=4/1+-—sin’
\/ 47 el 2 D P
2 A4
E2=1+p2+ {—W H NP4 .
3m=A two—loop mass shift
p*k*%

H [P 1 2 m2 2 1 2 82 +m

Thetheoryisthis: £ = —(0Y)* — — Y2 + ~(02)* ——Z + - 1/) "
2 2 2 2 0_

For om®:. (V2 = 22)((0-Y)? + (0-2)%) + iy <Y2 ~ )0
only one integral, L o L o
and this is finite! +iyp(0_Y I +0_Z'T") (Y I — Z'T")y

57 (I Ty — YT I,



Repeat this in ABIJM?
Steps:
1. Derive £BMN as in [Sundin, 2010].
2. Take a large boost (p_/p+ ~ A/2) and truncate.

3. Draw diagrams, and integrate.

We start from coset model

OSP(2, 2/6)

A =_-G1! AO + A 4 A@ 4 A
SOL3) xU@E) e =-GTOG  AT+AI+ADHA,

with action

_9 2 v A2 A2 v AL A3 _ A
S—E/d o Str [\/—hh“ APAD + AE)A‘V)}, 9=1/3

Fix light-cone gauge: x* = 7 and p. = const., breaks down to SU(2|2) x U(1).



Parameterisation of group element (adapted for gauge):

G= At,®) - F(x) - Gaas(zi) ® Gep(Y, wy).

light—cone

with fields (light charged under the U (1))

3, ea  light fermion a=12 SUQ).

(s1)2 heavy fermion a=3,4 SU(QQr
Wa, w* light boson m=1
Y, Zi heavy boson i=1,2,3 m=1

Take BMN limit by scaling all fields x — \/igx, to get

S = / d2o [czor,x. 0+ %csmx, 0+ é&(ﬂ,x,x) +0(g3?)

as in [Sundin, 2010].



Free part is Lorentz invariant:

1 1 1 _ 1 - 1 1 _
Lo =78+y8_y + —8+Zi(9_zi + —8+wa8_wa + —8_wa8+wa — E(y2 + 2,2) — gwawa

+i(Prad- 9 +adet?) + 5 [(S )a0+(s-)g + (8+)30-(s+)a]

|_\

+ rat?) —i(s4)2(s_ ) .
(w atd + drat?) —isa(s-)5- .. but interaction terms are not.

Boost to near-flat-space:

(recallg = 1/)\/2)
0y — g¥29, (e ot — gtH%*
Ve — 9T and likewise s. — gT'/%s,

Leading terms in £3 go like /g, and we truncate to only such terms.
Similarly truncate £, to terms ~ g.

Quantum consistency of this truncation is not obvious,
will contributions from small internal momenta cancel?

But in AdSs x S°, fine at two loops: [Klose, McLoughlin, Minahan, Zarembo, 2007]



7 — ) — ]_ — J—
L3S = Sywa 02T+ S0, 0 00025 — S(b,0-40 + 002
S R | — i o —
Cubic interaction — ¢ [(16(5 Jath_p+ §(S+)a 0y — Z&(Si)a Yy — Zaf(sf)a ORI

1 — 1 g 7 o
+ 18+( ~)a 0t )Wa - g(s,)g‘ 0 ¢ 0wa — g(s,)g O "b—ba*wa}

3 1 )
e (S(s-0aut (58008 4 10 (s ) uh — L0 (s. ) 0u®

PO R0 )E" — L5 s O 0T — Ls )i 0y 0B,
e All terms two light + one heavy

Important points:

o It exists!

e Decorations 9, occur (as do fields v,) <« scalings gT/*y., gF/20,....

Consider terms  £e°0,(S_)3 0_1_pwe + Feap0i(S_)2 O_YP .
P (k)

These contribute to:
k- 9
O A Ty
wa(p)

sa(q) ~ p? /dx/ dM A( 97
wb(k) ~ N

Cancels with Q ~ N2, [MCA & Sundin, 2011]

wa(p)



Results: 1 Pena
EzV&+4hMV9¥—%ﬂ, Pchain ~ A~ /4

can be expanded:

pg_p%:%+[f/—z—2)\_ % ]+0<%> plz\/épchain-

two loops
From diagrams,
’ om? = _log2 p as expected
21 /2 ’
3 2 ,
— = /= ted!
6V p< unwanted

(The same using either dimensional regularisation or momentum cutoff A.)

Other particles:
log 2 p2

Light fermion: ¢, om? = —7@ (Perfect! But breaks supers
Heavy boson y sm? = _"’2%25_2% — é\/gpf

2_ log2 P~ 1 [2.2
Heavy boson z oms = —=°= m+4,r\/:pf



It this a problem with near-flat-space truncation? No.

We repeated these calculations directly in BMN limit,
finding results which always reduce to near-flat ones:

5 3 log 2 .
om?/y= ——— — —p? — °9 p?  for light boson
967 47
invisible expected
a 1 log2 , : .
~ 96~ - h for light fermion.
_ _ — 55 light modes
Fine-tuned cutoff? Try using .
— 5y heavy modes

This has effect Q
N> >N —,  for ---=-N--=-(obviously!)

+
N— N =22 o Q _ (via Pauli-Villars)

(which is K2 < A2 — m? V¥ masses)
[MCA & Sundin, 2011]

lfyouuse.=1, =1
this cancels half the unwanted term...



Apart from that...

e Note that we cannot implement the ‘new sum’, Apeayy = 2Aignt, for the

bubble term Q

'092 comes from tadpoles

gy,

Changing A for heavy tadpole removes this term... thus almost ¢ = 0.

However (strictly in dim. reg.) the

e The decay heavy—light + light is allowed, in terms of energy:

Am, = ~0.137p? - 24m,=-0.239p?
Am, = —0.071 p? - 2 Am,, = —0.11 yp?

Here Am = %6m2 includes unwanted terms.

2
Without these, still allowed — we have ém? = —c% for both.



Conclusions

Heavy modes...

e Are simply 4 of the 8 L directions in target space (+ fermions)

Yet don’t appear in the spin chain / Bethe equations.

There was no such issue in AdSs x S°.

Are in some senses composite:
in off-shell construction of modes in algebraic curve,
(and as bound states in Luscher calculations)

e ... and unstable:
compare shifted masses in near-flat-space.

But must still be included in semiclassical calculations!



There are essentially two ways to cut these off:

new means exactly the same place in spectral plane: |x| > 1 +¢,
givesc =0,

(approx. = S"N light + S°2N heavy, and energies A, 2A).
“physical” meaning exactly the same energy A,

: - log 2
gives Cc = — o

(approx. = " all, and also |, all).

For near-flat-space calculation,
e —-
e No clear way to implement “new”

e And only imperfect implementation of “physical’?



The End.



