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Topics:

Energy corrections 
for giant magnons
in algebraic curve

...and for finite-J
giant magnons

Near-flat-space
(and BMN)
mass corrections2

1½
1

Heavy modes…

are composite 
in off-shell 
construction

can decay at 
one loop 

Divergences 
involved:

log §heavy - log 2§light

and §2 in finite-J case.

log § and §2 diagrams
(both 1/ε in dim. reg.)



New example of AdS/CFT: [Aharony, Bergman, Jafferis, Maldacena, 2008]

N = 6 CSM theory

(in 2+1 dimensions)
←→

IIA strings

in AdS4 × CP3

Scalar fields are in (N, N̄) of U(N)× U(N) (rather than adjoint),

and the spin chain vacuum is 0O = Tr
(

Y1Y
†
4

)J

Can excite even or odd chain,

decoupled at leading order: [Minahan & Zarembo, 2008]

∆− J

2
=
∑

i/2

(Hi ,i+2 +Hi+1,i+3) + four loops

Remaining symmetries fix the exact dispersion relation

E = ∆− J

2
=

√
Q2

4
+ 4 h(λ)2 sin2 p

2

but leave the function h(λ) unknown.

(This was true in AdS5 × S5 case too, but there f (λ) = λ exactly.)Hello this is a test.
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Weak coupling:

h(λ)2 = λ2 − 4 ζ(2) λ4 + ... λ =
N

k
� 1

[Leoni, Mauri, Minahan, Ohlsson Sax, Santambrogio, Sieg, Tartaglino-Mazzucchelli 2010]

Strong coupling:

h(λ) =

√
λ

2
+ c +

d√
λ

+ ... λ =
R4

32π2α′2
� 1

where from spinning strings:

∆− S

log S
= 2h(λ)− 3

log 2

2π
+ o
(1

h

)
from sl(2) Bethe equations

=
√

2λ +





−5
log 2

2π

−3
log 2

2π

using

old sum

new sum

⇒
cold = − log 2

2π

cnew = 0

[Gromov & Vieira] [McLoughlin & Roiban] [Alday, Arutyunov, Bykov] [Krishnan]

[McLoughlin, Roiban, Tseytlin] [Gromov & Mikhaylov] 2008Hello this is a test.
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String energy corrections are

δE =
∑

n,k

(−1)Fk
~
2
ωk

n

Modes are of course perturbations like this

X
µ
classical + e−iωntδXµ

n

→ plane waves eikx−iωt±iδ/2 as x → ±∞, with

{
ω2 = k2 + 1 heavy

ω2 = k2 + 1/4 light

(∃ subspaces radius R and R/2)

Cutoff prescriptions:

δEold = lim
N→∞

N∑

n=−N

(
ωlight

n + ωheavy
n

)

δEnew = lim
N→∞

(
N∑

n=−N

ωlight
n +

2N∑

n=−2N

ωheavy
n

)

Heavy or light alone diverge as log N. [Gromov & Mikhaylov, 2008]Hello this is a test.
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Giant Magnons

1These are classical string solutions having exactly

the fundamental dispersion relation:

∆− J

2
=

√
Q2

4
+ 4 h(λ)2 sin2 p

2

=

√
Q2

4
+ 2λ sin2 p

2
+

c
√

8λ sin2 p

2√
Q2

4
+ 2λ sin2 p

2

+O
(

1√
λ

)

In AdS4 × CP3 we have:

Q = 1 CP1 = S2 same as [Hofman & Maldacena, 2006]

Q ∼
√
λ CP2 dyonic [MCA, Aniceto, Ohlsson Sax] [Hollowood & Miramontes] 2009

and superimposing two of these,

Q = 1 RP2 ≈ S2

Q ∼
√
λ RP3 ≈ S3 same as [Dorey, 2006]’s dyonic magnon.

Q = 0 “big” a solution in which +Q −Q cancel.

Finding modes δXµ(x , t) by hand is hard, so we use power tools...
Hello this is a test.
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Algebraic Curve:

|x | < 1

x = ±1 }

}
AdS

CP

q1 = −q10
q2 = −q9
q3 = −q8
q4 = −q7
q5 = −q6

q1(x)

q2(x)

q3(x)

q4(x)

q5(x)

RP3 magnon

q6 = −q5

...

elementary 
magnon

RP3 magnon

q1

q4

q6

(1,6) (1,4)

q7 = −q4

Classical string solutions ←→
one-to-one

Riemann surfaces

Construction from Lax connection:

M(x) = P exp

∮
dσ Jσ(x) eigM =

{
eip1(x), eip2(x), eip3(x), ...

}

Giant magnons have a single log cut:

q4(x) = α
x

x2 − 1
− i log

(
x − X +

x − X−

)
− p

2

Choice of sheets determines type...

Elementary: RP3:

Hello this is a test.
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Well-developed scheme for semiclassical perturbations:

|x | < 1

x = ±1 }

}
AdS

CP

q1 = −q10
q2 = −q9
q3 = −q8
q4 = −q7
q5 = −q6

• Add
√

cut connecting sheets (i , j)

• at point y solving qi(y )− qj(y ) = 2πn

• with filling fraction Sij = g

iπ

∮
Cij

dx
(
1− 1

x2

)
qi(x) = 1

[Beisert, Kazakov, Sakai, Zarembo, 2005]

[Gromov, Vieira, 2007]
Light modes connect to sheet 5 or 6,

heavy modes do not.

After constructing mode δqi(x), read off its perturbation of the energy:

δ∆ = Ωij(y ) = ωij
n

For giant magnons, the “the off-shell frequencies” are:

Ωlight(y ) =
1

y2 − 1

(
1− y

X + + X−

1 + X +X−

)

Ωheavy(y ) =
2

y2 − 1

(
1− y

X + + X−

1 + X +X−

)

Only change from S5 is the factor of 2.Hello this is a test.
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Not easy to find positions x
ij
n , hence “on-shell” frequencies ωij

n = Ωij(x
ij
n ).

Can still add them up, with an integral: [Schäfer-Nameki 2006]

2πn = qi(x)− qj(x)
δE =

1

2

N∑

n

(−1)Fij Ωij(x
ij
n )

=
1

4i

∑

ij

(−1)Fij

∮

R(N)

dn cot(πn)Ωij(x
ij
n )

=
1

4i

∑

ij

(−1)Fij

∮

−U(ε)

dx
q′i (x)− q′j (x)

2π
cot

(
qi(x)− qj(x)

2

)
Ωij(x) n = N

x = 1 + �

n plane:

x plane:

X +

X−
x = 1 + �

R(N)

U(�)
|x | = 1

where we have unwrapped x contour: ... to this:

Ignore components other than U(ε) for now,

but must worry about cutoffs.Hello this is a test.
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New sum is simplest: x
heavy

2N ≈ x
light

N , thus cut off at same x = 1 + ε for both:

δEnew = lim
ε→0

∑

ij

∮

U(ε)

dx (−1)
Fij

−4i

q′
i
−q′

j

2π
cot(

qi−qj

2
)Ωij(x)

= 0

(Done by [Shenderovich, 2008], before [Gromov & Mikhaylov, 2008] wrote the sum...)

Old sum is more work, x
heavy

N − 1 ≈ 2(x
light

N − 1) so

δEold = lim
ε→0




∑

ij light

∮

U(ε)

dx +
∑

ij heavy

∮

U(2ε)

dx





(−1)
Fij

−4i

q′
i
−q′

j

2π
cot(

qi−qj

2
)Ωij(x)

=
− log 2

2π
2 sin

p

2

Dyonic case: δEold = − log 2

2π

√
8λ sin2 p

2q
Q2

4
+2λ sin2 p

2

. [MCA, Aniceto, Bombardelli, 2010]

Again heavy and light are each log ε divergent;

this is where c = − log 2

2π
comes from.

Hello this is a test.
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Suppose you wanted a physical cutoff: always the same energy Λ:

δEphys =
1

2

∑

ij

Nij∑

n=−Nij

(−1)Fijωij
n ωij

Nij
= Λ ∀ modes ij

=
∑

ij

∮

U(εij )

dx ... etc. Ω(1 + εij) = Λ

Then using the magnon’s frequencies

Ω(y ) =
1

y2 − 1

(
1− y

X + + X−

1 + X +X−

)
×
{

1 (i , j) light

2 heavy

you would be led to

εlight =
sin2 p

4

Λ
− sin2 p

2

8Λ2
+O

( 1

Λ3

)

εheavy = 2
sin2 p

4

Λ
+

sin2 p

2

2Λ2
+O

( 1

Λ3

)
= 2εlight +O

( 1

Λ2

)

Only two.

And first terms enough precision — the integrals are log ε divergent.Hello this is a test.
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Finite J Magnons

11
2

Corrections are organised like this:

E =
∑

m,n=0,1,2...

am,n

(
e−∆/

√
2λ
)m (

e−2∆/E
)n

• a0,0 = Eclass. + δE is the case J =∞ from before.

• Corrections am,0 are F -terms, zero classically.

• Corrections a0,n are µ-terms, classical + one-loop,

so we can make a comparison:

a0,1e−2∆/E =

√
λ

2
aclass.(p, Q) e

−2∆/E0

“√
λ/2,p,Q

”
+ δEµ +O

( 1√
λ

)
from algebraic curves

= h(λ) aclass.(p, Q) e−2∆/E0(h,p,Q) + asubl.e
−2∆/E0 +O

(1

h

)
from Lüsher formulae

Will calculate δEµ starting from classical finite-J solution.
Hello this is a test.
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Aside, F-term corrections.

For infinite-volume terms, we kept the first term in

cot
(qi − qj

2

)
= ±i

(
1 + 2e∓i(qi−qj )

`=1
+ 2e∓2i(qi−qj )

`=2
+ ...

)
.

For a0,1 we need the second term:

δEF ,1 = − 1

4πi

∑

±

∫

U±
dx ∂xΩij (x)

[ ∑

ij light

(−1)Fij e∓i(qi−qj )
]
←call this F

(`=1)
light

= e−∆/
√

2λ

√
2
√

2λ

π ∆

(
cos p

2

1− sin p
2

− 1

)
(saddle point x = i)

... matching Lüscher calculation of [Bombardelli & Fioravanti, 2008].
For a0,2 we need also the third term:

δEF ,2 = − 1

2πi

∫

U+

dx

[
1

2
F

(`=2)
light

Ω′45(x) + F
(`=1)
heavy

2Ω′45(x)

]

= e−2∆/
√

2λ 2

√√
2λ

∆ π

(
cos p

2
− 1

sin p
2
− 1

)

Heavy modes contribute starting at F,2. [MCA, Aniceto, Bombardelli, 2010]

No cutoff issues — terms are separately finite.
Hello this is a test.
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Finite-J classical solution

c� 2010 Niklas Beisert� c� 2010 Niklas Beisert�

c� 2010 Niklas Beisert� c� 2010 Niklas Beisert�

c� 2010 Niklas Beisert�

Figure 1: Planar and non-planar Feynman graph (top), free and interacting
string worldsheet (bottom), Feynman graph corresponding to a patch of world-
sheet (right).
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Figure 2: Map of the parameter space of N = 4 SYM or strings on AdS5×S5.

reduces the complexity of graphs from factorial to exponential growth, such that the
radius of convergence of the perturbative series grows to a finite size. Moreover, the
surface on which the Feynman graphs are drawn introduces a two-dimensional structure
into gauge theory: It is analogous to the worldsheet of a string whose string coupling gstr

is proportional to 1/Nc. Not surprisingly, integrability is confined to this planar limit
where gauge theory resembles string theory.

Parameter Space. Let us now discuss the progress due to integrability based on a
map of the parameter space of our gauge and string theory, see Fig. 2. Typically there
are two relevant parameters for a gauge theory, the ’t Hooft coupling λ = g2

YMNc and
the number of colours Nc as a measure of the rank of the gauge group. In a string
theory we have the effective string tension T = R2/2πα� (composed from the inverse
string tension α� and the AdS5/S

5 radius R) and the string coupling gstr. The AdS/CFT

8

planar limit

cl
as

si
ca

l g
au

ge
 th

eo
ry

free 
classical 
strings

0    gauge loops        λ         worldsheet loops     ∞

0 
   

ha
nd

le
s 

   
   

 1
/N

   
   

  

0 
   

ha
nd

le
s 

   
   

 g
st

rin
g  

   
 

here be 
dragons

loop 
expansion

genus 
expansion

X +Y +

Y−X
−

√√

√

log

length

x plane re-organise 
cuts to:

pole

δ ∼ e−∆/E

This is in fact the more natural case in the curve,

where the magnon is a two-cut solution:

We expand everything in δ = |X + − Y +|, to order δ2.

Elementary dyonic magnon (i.e. CP2):

δE = −32g2 cos(2φ)
Q

E
√

S(p

2
)

sin3
(p

2

)
e−∆E

/
S(

p
2

) + ...

where S(p

4
) = Q2

16 sin2(
p
4

)
+ 2λ sin2

(
p

4

)
. [MCA, Aniceto, Ohlsson Sax, 2009]

CP1 and RP2, RP3 cases just like S5. [AFZ], [O&S] 2006, [H&S] [M& O-S] 2008
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Efficient construction of off-shell frequencies Ωij(y ).

|x | < 1

x = ±1 }

}
AdS

CP

q1 = −q10
q2 = −q9
q3 = −q8
q4 = −q7
q5 = −q6

Only (1, 5) and (4, 5) by hand, then: [Gromov, Schäfer-Nameki, Vieira, 2008]

[Bandres & Lipstein, 2009] for CP3

• Inversion condition δq3( 1
y
) = −δq4(y ) gives

Ω35(y ) = Ω45(0)− Ω45( 1
y
) etc.

(using unphysical poles |1/y | < 1)

• Heavy modes are those without a pole on sheets 5, 6.

These are constructed

Ω17(y ) = Ω15(y ) + Ω45(y ) etc.

(by canceling poles on sheets 5 or 6)

But on-shell, (i.e. evaluated at y = x
ij
n )

heavy modes are not superpositions.

Hello this is a test.
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Results:

Ω15(y ) =
1

y2 − 1

�
1 + y f (1)− f (−1)f (1) + f (−1)

�

Ω45(y ) =
2

f (1) + f (−1)

�
f (y )
y2 − 1 − 1

�

f (x) =
�
(x − X +)(x − Y +)(x − X−)(x − Y−)

Ωij(y ) = Ω(0)
ij (y ) + Ω(2)

ij (y ) + o(δ4)

Ω(2)
15 (y ) = δ2ei2φX +2

0
y

y2 − 1
X +
0

4(X +
0X−0 + 1)2

X−20 − 1
X +2
0 − 1

+ c.c.

Ω(2)
45 (y ) = Ω(2)

15 +
�
δ2ei2φX +2

0
1

y − X +
0

X +
0 − X−0

8(X +
0X−0 + 1)(X +2

0 − 1)
+ c.c.

�
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Ω15(y ) =
1

y2 − 1

�
1 + y f (1)− f (−1)f (1) + f (−1)

�

Ω45(y ) =
2

f (1) + f (−1)

�
f (y )
y2 − 1 − 1

�

f (x) =
�
(x − X +)(x − Y +)(x − X−)(x − Y−)

Ωij(y ) = Ω(0)
ij (y ) + Ω(2)

ij (y ) + o(δ4)

Ω(2)
15 (y ) = δ2ei2φX +2

0
y

y2 − 1
X +
0

4(X +
0X−0 + 1)2

X−20 − 1
X +2
0 − 1

+ c.c.

Ω(2)
45 (y ) = Ω(2)

15 +
�
δ2ei2φX +2

0
1

y − X +
0

X +
0 − X−0

8(X +
0X−0 + 1)(X +2

0 − 1)
+ c.c.

�
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|x | < 1

x = ±1 }

}
AdS

CP

q1 = −q10
q2 = −q9
q3 = −q8
q4 = −q7
q5 = −q6

Mode (i , j) Frequency Ωij (y )

(1, 5) Ω15(y )

Light
(2, 5) Ω15(y )

Fermions (1, 6) Ω15(y )

(2, 6) Ω15(y )

(3, 5) Ω45(0)− Ω45( 1
y
)

Light
(3, 6) Ω45(0)− Ω45( 1

y
)

Bosons (4, 5) Ω45(y )

(4, 6) Ω45(y )

(1, 7) Ω15(y ) + Ω45(y )

Heavy
(2, 7) Ω15(y ) + Ω45(y )

Fermions (1, 8) Ω15(y ) + Ω45 (0)− Ω45( 1
y
)

(2, 8) Ω15(y ) + Ω45 (0)− Ω45( 1
y
)

(1, 9) 2Ω15(y )

Heavy
(1, 10) 2Ω15(y )

Bosons (2, 9) 2Ω15(y )

(3, 7) Ω45(y ) + Ω45(0)− Ω45( 1
y
)

Hello this is a test.
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Same integral as before:

n = N

x = 1 + �

n plane:

x plane:

X +

X−
x = 1 + �

R(N)

U(�)
|x | = 1

δE INT =
1

4i

∑

ij

∮

−U(εij )

dx(−1)Fij
q′i (x)− q′j (x)

2π
cot

(
qi(x)− qj(x)

2

)
Ωij(x)

(plus some other terms) S5 case: [Gromov, Schäfer-Nameki, Vieira, 2008]

What’s new is worrying about cutoffs:

• New (same εij ∀ij) works fine. (but not using
∑N

+
∑2N

!)

• Old (meaning εheavy = 2εlight) leads to linear divergences...

• Physical works fine!

Need precision ε = #
Λ

+ #
Λ2 + #

Λ3 since
∑N

n ωn ∼ N2 ∼ 1/ε2 for each (i , j)

Simplest case: RP3 magnons, which have same cut structure as S5.

‘New’ matches [Bombardelli & Fioravanti, 2008]’s Lüscher calculation

with c = 0, and ‘Physical’ matches with c = − log 2

2π
.

[MCA, Aniceto, Bombardelli, 2011 i.p.]

For elementary magnon, both AC and Lüscher calculations are new...Hello this is a test.
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Near-Flat-Space Mass Corrections

2Now no solitons, just strings near to “BMN vacuum”

(pointlike J ∼
√
λ� 1 string) in a simplifying limit.

First the AdS5 case, done by [Klose, McLoughlin, Minahan, Zarembo, 2007].

Dispersion relation, when pchain ∼ λ−1/4:

JHEP08(2007)051

(a) bubble

pp q, s

k, r

p− k − q, t

(b) sunset

p′p

p′ − p

−k, n1

k + q, n2
q − p, n3 p′ − q, n4

(c) wineglass

Figure 3: Loop diagrams

as one index in the tensor product is kept fixed by the scattering. Thus we can write these
elements in a simple compact form in terms of the S-matrix defined in 4.10,

=
eiδ

1− iγp−p′−
p′−+p−
p′−−p−

S ⊗ , (A.12)

and which of course is in agreement with the AdS/CFT prediction to this order. Thus we
see that the symmetries are preserved to at least two-loops in the reduced sigma model.

B. Integrals

B.1 Bubble integral

We consider the bubble integral, cf. figure 3(a), for two inflowing momenta p and −p′ as
appropriate for u-channel processes. With r and s powers of momentum inserted, the
integral reads

Irs(p, p′) =
∫

d2k
(2π)2

(k−)r(p− − p′− − k−)s

(k2 −m2)[(p− p′ − k)2 −m2]
. (B.1)

These momenta originate from derivative couplings and fermionic propagators. However,
it turns out that all amplitudes simplify such that we only need to explicitely compute I00,
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E =

√
1 +

λ

4π
sin2 pchain

2

E2 = 1 + p2 +

[
−π

2 p4
−

3m2λ

]

two−loop mass shift

+ ...

The theory is this:

JHEP08(2007)051

at the two-loop level there are sunset diagrams which induce radiative corrections to the
dispersion relation that agree with the predicted near-flat limit of the dispersion relation
in [22].

We then consider corrections to the four point amplitudes. We will compute these
corrections up to the two-loop level, where we will find agreement with the near-flat limit
of the BHL prediction. This provides the first nontrivial check that goes beyond the
tree level AFS [27] and one-loop HL [28] dressing factor terms. In carrying out these
computations, we will see that the final amplitudes for the different processes are very
similar, as they must be if they are to agree with the BHL S-matrix, but the road to
how these final amplitudes are reached can be significantly different. For example, for
certain 2 → 2 bosonic processes, there is a four-fermion interaction term that contributes
to the two-loop amplitude, while in other processes this interaction term plays no role. In
any case, the underlying supersymmetry must play a crucial part in determining the final
structure of these amplitudes. In going from the amplitude to the S-matrix, we must take
into account the two-loop wave-function renormalization as well as the two-loop mass-shift
which will affect the Jacobian factor that needs to be included.

This paper is structured as follows. In section 2 we review Maldacena and Swanson’s
action for the near-flat limit. In section 3 we consider the two-loop two-point functions,
where we explicitly compute the wave-function renormalization and mass-shift. In section 4
we derive the near-flat limit of the conjectured S-matrix. In section 5 we find the one-loop
four-point amplitudes while in section 6 we find these amplitudes at two loops. In these last
two sections we also show that these results are in agreement with the results in section 4.
In section 7 we present our conclusions. We also include several appendices which contain
some of the technical details of our calculations.

2. Near-flat-space model

Our starting point is the relatively simple light-cone action for the reduced model of [22](in
the notation of [24]):

L =
1
2
(∂Y )2 − m2

2
Y 2 +

1
2
(∂Z)2 − m2

2
Z2 +

i

2
ψ

∂2 + m2

∂−
ψ

+γ (Y 2 − Z2)
(
(∂−Y )2 + (∂−Z)2

)
+ iγ (Y 2 − Z2)ψ∂−ψ

+iγ ψ
(
∂−Y i′Γ i′ + ∂−ZiΓ i

)(
Y i′Γ i′ − ZiΓ i

)
ψ

− γ

24
(
ψΓ i′j′

ψ ψΓ i′j′
ψ − ψΓ ijψ ψΓ ijψ

)
. (2.1)

The bosonic fields Zi and Y i′ correspond to transverse excitations in the AdS5 and S5

directions respectively and the fermions, ψ, are Majorana-Weyl SO(8) spinors of positive
chirality.1 The action in 2.1 is not invariant under world-sheet Lorentz transformations,
but it is invariant under 8 independent linearly realized supersymmetries.

1See appendix C for a more complete description of the relevant conventions and notations.
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For δm2:

only one integral,

and this is finite!
Hello this is a test.
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Repeat this in ABJM?

Steps:

1. Derive LBMN as in [Sundin, 2010].

2. Take a large boost (p−/p+ ∼ λ1/2) and truncate.

3. Draw diagrams, and integrate.

We start from coset model

OSP(2, 2|6)

SO(1, 3)× U(3)
, Aµ(σ, τ ) = −G−1 ∂µG, A(0)

µ + A(1)
µ + A(2)

µ + A(3)
µ

with action

S =
g

2

∫
d2σ Str

[√
−hhµνA(2)

µ A(2)
ν + εµνA(1)

µ A(3)
ν

]
, g =

√
λ

2

Fix light-cone gauge: x+ = τ and p+ = const., breaks down to SU(2|2)×U(1).
Hello this is a test.

This text should be about the same size. 
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Parameterisation of group element (adapted for gauge):

G = Λ(t ,φ)
light−cone

· F (χ) · GAdS(zi)⊕GCP(y ,ωα).

with fields (light charged under the U(1))

ψa
±, ψ̄±a light fermion a = 1, 2 SU(2)L

(s±)a
α heavy fermion α = 3, 4 SU(2)R

ωα, ω̄α light boson m = 1
2

y , zi heavy boson i = 1, 2, 3 m = 1

Take BMN limit by scaling all fields x → 1√
g
x , to get

S =

∫
d2σ

[
L2(π, x ,χ) +

1√
g
L3(π, x ,χ) +

1

g
L4(π, x ,χ) +O(g−3/2)

]

as in [Sundin, 2010].

Hello this is a test.

This text should be about the same size. 
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Free part is Lorentz invariant:

L2 =
1

2
∂+y∂−y +

1

2
∂+zi∂−zi +

1

4
∂+ωα∂−ω̄α +

1

4
∂−ωα∂+ω̄

α − 1

2

(
y2 + z2

i

)
− 1

8
ωαω̄

α

+ i
(
ψ̄+a∂−ψa

+ + ψ̄−a∂+ψ
a
−
)

+
i

2

[
(s−)a

α∂+(s−)αa + (s+)a
α∂−(s+)αa

]

− 1

2

(
ψ̄−aψ

a
+ + ψ̄+aψ

a
−
)
− i(s+)a

α(s−)αa .
... but interaction terms are not.

Boost to near-flat-space:

(recall g =
√
λ/2 )

∂± → g∓1/2∂± (i.e. σ± → g±1/2σ±)

ψ± → g∓1/4ψ± and likewise s± → g∓1/4s±.

Leading terms in L3 go like
√

g, and we truncate to only such terms.

Similarly truncate L4 to terms ∼ g.

Quantum consistency of this truncation is not obvious,

will contributions from small internal momenta cancel?

But in AdS5 × S5, fine at two loops: [Klose, McLoughlin, Minahan, Zarembo, 2007]Hello this is a test.
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Cubic interaction

CONTENTS 10

If γ is kept arbitrary it can be viewed as just a parameter to keep track of the orders.

But if γ = 1/g (as we will assume) then this second transformation is the inverse of the

first, except for the fact that we do not recover the interaction terms we discarded. So

what has happened is that we are back in the original variables, but have baked in the

assumption that p− � p+.

We now write the interaction terms, starting with the cubic term. Here we simply

keep those terms in (12) which grow as
√

g under the boost (13) (i.e. grow as fast as

the right-moving momentum p−):

LNFS
3 =

i

8
y ωα

↔
∂− ωα +

i

2
ψ−a

↔
∂+ ψb

− ∂−Za
b −

1

2
(ψ+a∂−ψ

b
− + ∂−ψ−aψ

b
+)Za

b

− �ab
�� 3i

16
(s−)αa ψ−b +

i

2
(s+)αa ∂−ψ−b −

1

4
∂−(s−)αa ψ+b −

i

4
∂−(s−)αa ∂+ψ−b

+
i

4
∂+(s−)αa ∂−ψ−b

�
ωα −

i

8
(s−)αa

↔
∂− ψ−b∂+ωα −

i

8
(s−)αa

↔
∂+ ψ−b∂−ωα

�

+ �ab

�� 3i

16
(s−)a

α ψ
b
− +

i

2
(s+)a

α ∂−ψ
b
− +

1

4
∂−(s−)a

α ψ
b
+ −

i

4
∂−(s−)a

α ∂+ψ
b
−

+
i

4
∂+(s−)a

α ∂−ψ
b
−

�
ωα − i

8
(s−)a

α

↔
∂− ψb

−∂+ω
α − i

8
(s−)a

α

↔
∂+ ψb

−∂−ω
α
�
. (17)

We notice immediately a distinction from the AdS5 × S5 case: this leading order

interaction term has both left- and right-moving fields and derivatives, rather than

consisting only of right-moving objects (ψ−, s− and ∂−) as in [1]. This is not unexpected

from the form of the boost (13): in order for a term with two right-moving fermions to

scale as g1/2, it must have either no derivatives, or both ∂+ and ∂−. Alternatively, it

can contain one ∂− with one left-moving and one right-moving fermion.

This difference from AdS5×S5 will have an important consequence. When we come

to drawing Feynman diagrams in the next section, right-moving fields and derivatives

will contribute powers of right-moving momenta p−, k− to the numerator, see (11). But

the presence of left-moving objects will introduce also k+, and a factor k+k− = k2 will

make any loop integral more divergent. Because of this, we will have many quadratically

divergent integrals to deal with, while in the AdS5 × S5 case [6], all of the analogous

integrals were finite.

For the quadratic terms, we write LNFS
4 = LBB + LBF + LFF , and the all-boson

term is the simplest:

LBB = −1

8

�
∂−zi∂−zi + (∂−y)2 + ∂−ω

α∂−ωα
��

zjzj − y2 − 1

4
ωβωβ

�
. (18)

For the term mixing bosons and fermions (writing ψ ψ = ψaψ
a and ω ω = ωαωα) we

have:

LBF = − i

8
(s−)αa∂−(s−)a

α(z
2
i − y2 − 1

2
ω ω) +

i

16
(s−)αa (s−)a

γ ωα
↔
∂− ωγ − i

32
ψ−

↔
∂− ψ− ω ω

+
i

8

�
ψ− ψ− ∂−ω ω + ψ− ∂−ψ− ω ω − ψ− ψ− ω ∂−ω − ∂−ψ− ψ− ω ω

�
− i

8
ψ−aψ

b
−Za

c

↔
∂− Zc

b

+
1

8
y
�
(s−)aαψ

a
−∂−ω

α + (s−)aαψ−a∂−ωα
�
− 1

16
∂−y

�
(s−)aαψ

a
−ω

α + (s−)aαψ−aωα

�

Important points:

• It exists!

• All terms two light + one heavy

• Decorations ∂+ occur (as do fields ψ+) ⇐ scalings g∓1/4ψ±, g∓1/2∂±...

Consider terms i
4
εab∂+(s−)αa ∂−ψ̄−bωα + i

4
εab∂+(s−)a

α ∂−ψ
b
−ω̄

α.

These contribute to:

≈
∫

d2k
k−

k2 − 1
4

q−
q2 − 1

k2
+ q2

+
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3.1. Bubble diagrams for �ωω�

The loop in each bubble diagram (for a light mode) always contains one light and one

heavy mode. We begin with the simplest case, in which these are both bosons:

AB =
ωα(p)

ωα(k)

y(q)

, qµ = pµ − kµ

= −1

�
d2k

(2π)2

B�
k2 − 1

4

�
(q2 − 1)

, B = −2

�
p− + k−

8

�2

.

The factor B includes both factors from the propagators (10) and from the vertex (17).

The decorations ∂± pull down ik± from the momentum flowing into the vertex on that

line.

To treat this integral, we introduce a Feynman parameter x as follows:

AB = −
�

d2k

(2π)2

� 1

0

dx
B

�
x
�
k2 − 1

4

�
+ (1− x) ((p− k)2 − 1)

�2

= −
� 1

0

dx

�
d2�

(2π)2

B

[�2 −∆(x)]2

where

�µ = kµ − (1− x)pµ, ∆(x) =
1

4
x2 − x + 1 .

This effective mass squared ∆(x) assumes p2 = 1
4
, i.e. that we are very near to the pole

of the original propagator. In terms of �µ,

B = −(x− 2)2

32
p2
− +

2(x− 2)�−p− − �2−
32

.

We rotate the �0 contour to the imaginary axis, and in the resulting Euclidean space,

the terms �n− will vanish.§ The radial integral then gives 1/2∆(x), and finally we obtain:

AB =
i

32π
p2
− ⇒ δm2 = 2iγAB =

−1

16π
γp2
−. (23)

Next we treat the case where the heavy and light modes in the loop are both

fermions:

AF (p) =
ωα(p)

ψa(k)

sa
α(q)

= 2

�
d2k

(2π)2

B

(k2 − 1
4
)(q2 − 1)

(24)

§ We define �0 = iL0, �1 = L1 and Lµ = L (sin θ, cos θ). Then the denominator is [L2 −∆(x)]2, and in
the numerator, any nonzero power �n− will lead to

� 2π

0
dθ e−inθ = 0.

≈ p2
−

∫ 1

0

dx

∫ Λ

0

d` `
`4

[ `2 −∆(x) ]2

∼ Λ2

Cancels with
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3.2. Tadpole diagrams for �ωω�

The tadpoles made with two 3-vertices can be seen to vanish by looking at L3, (17):

= 0 .

But the ones constructed with one 4-vertex are more interesting. We use (19) to calculate

the first two diagrams. The only nonzero terms are those where both decorations ∂−
act on the external legs, which for ω running in the loop gives

AT1 =

ωα(p)

ωβ(k)

= i
1

32
2 p2

−

�
dd=2−�k

(2π)2

2i

k2 − 1
4

=
−p2

−
8

Is=0
n=1(∆ =

1

4
) .

For a heavy mode running in the loop, we get:

AT2 =

ωα(p)

y(k) or zi(k)

= i
−1

8
(3− 1) p2

−

�
d2k

(2π)2

i

k2 − 1

=
p2
−
4

I0
1 (1) . (27)

There are also diagrams of this topology with a light fermion running in the loop.

The terms in (19) which contribute are those on the last line, and they give the following

two integrals (including the only quadratically divergent tadpole):

AT3 =

ωα(p)

ψb(k)

= i
−i

8
2 p2

−

�
d2k

(2π)2

2k+k−
k2 − 1

4

+ i
−1

8
4p2
−

�
d2k

(2π)2

−i/2

k2 − 1
4

=
p2
−
2

I1
1 (

1

4
)− p2

−
4

I0
1 (

1

4
) .

The diagrams with a heavy fermion in the loop can be seen to vanish from (19).

All of the tadpole integrals are n = 1 cases of (25) above, with ∆ = 1
4

or 1. The

expansions needed are:

Is=0
n=1(∆) =

i

2π

�
−1

�
+
γE − log π − 2 log 2 + log ∆

2

�
+O(�) (28)

Is=1
n=1(∆) =

i

2π

�
−∆

�
+ ∆

γE − log π − 2 log 2 + log ∆

2

�
+O(�).

Adding the bosonic and fermionic terms, the divergences cancel leaving a total tadpole

contribution of

AT =
i

4
p2
−

log 2

2π
⇒ δm2

T = −1

2
γp2
−

log 2

2π
. (29)

∼ Λ2. [MCA & Sundin, 2011]Hello this is a test.
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Results:
E =

√
1

4
+ 4 h(λ)2 sin2 pchain

2
, pchain ∼ λ−1/4

can be expanded:

p2
0 − p2

1 =
1

4
+
[c p2

−√
2λ
− p4

−
96λ

two loops

]
+O

( 1√
λ

)
p1 =

√
λ

2
pchain.

From diagrams,

δm2 = − log 2

2π

p2
−√
2λ

as expected,

− 3

16π

√
2

λ
p2
− unwanted!

(The same using either dimensional regularisation or momentum cutoff Λ.)

Other particles:

Light fermion: ψ± δm2 = − log 2

2π

p2
−√
2λ

(Perfect! But breaks supersymm.)

Heavy boson y δm2 = − log 2

2π

p2
−√
2λ
− 1

8π

√
2
λ

p2
−

Heavy boson z δm2 = − log 2

2π

p2
−√
2λ

+ 1
4π

√
2
λ

p2
−Hello this is a test.
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It this a problem with near-flat-space truncation? No.

We repeated these calculations directly in BMN limit,

finding results which always reduce to near-flat ones:

δm2/γ = − 5

96π
invisible

− 3

4π
p2

1 −
log 2

π
p2

1

expected

for light boson

= − 1

96π
− log 2

π
p2

1 for light fermion.

Fine-tuned cutoff? Try using

{
Λ− ι

2Λ
light modes

Λ− κ
2Λ

heavy modes

This has effect

Λ2 → Λ2 − ι for

CONTENTS 4

At small values of λ it is h(λ) = λ + O(λ3), but at large λ (relevant for semiclassical

strings) it is instead

h(λ) =

�
λ

2
+ c +O

� 1√
λ

�
. (3)

The subleading term c has been the subject of some debate in the literature. In one-loop

energy corrections to spinning strings [13, 14, 15, 3] and to giant magnons [16], there

is a choice of how to regulate divergent sums over mode numbers, and using the same

momentum cutoff Λ for all modes leads to c = − log 2/2π. However it has been argued

that it is natural to use a cutoff of 2Λ for half of the modes (the heavy modes) and

this ‘new’ prescription leads instead to c = 0 [3, 17]. The same two prescriptions have

been implemented in a recent Hamiltonian analysis [18], which argues in favour of the

new prescription. Our paper is in some ways the Lagrangian analysis complementary

to this.

The sigma model in AdS4 × CP 3 has several novel features compared to that in

AdS5 × S5. One is that its excitations do not all have the same mass: half are ‘light’

(m = 1
2

in our conventions) and half are heavy (m = 1). Another is that the Lagrangian

has interactions starting at cubic order, rather than at quartic order [19, 11, 20], greatly

expanding the number of Feynman diagrams possible. The cubic interactions always

couple two light modes to one heavy mode, and therefore lead to bubble diagrams such

as

where we draw the heavy mode as a double line. In this diagram the same loop

momentum applies to both the heavy and the light mode, at least in the UV. This

points towards the ‘old’ prescription, of integrating up to the same momentum Λ for all

modes. In this paper we use primarily dimensional regularisation, but for the simplest

case can also obtain exactly the same results using a momentum cutoff.

In addition to the term coming from c = − log 2/2π, we also find (using either

regularisation procedure) some additional terms. These terms are present in both the

BMN and near-flat-space limit, and so do not represent a problem with the consistency

of the near-flat-space truncation. These extra terms differ for the various particles,

vanishing in the case of corrections to the light fermion propagator. This implies that

they break supersymmetry, possibly as a consequence of dimensional regularisation.

In fact these extra terms come (primarily) from the bubble diagram above, while

the term containing c = − log 2/2π comes from tadpole diagrams:

+

Each loop here contains only one mode, and so for these tadpole diagrams there is no

obstruction to changing the heavy mode cutoff to implement the ‘new’ sum. This change

(obviously!)

Λ2 → Λ2 − ι + κ
2

for (via Pauli-Villars)
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At small values of λ it is h(λ) = λ + O(λ3), but at large λ (relevant for semiclassical

strings) it is instead

h(λ) =

�
λ

2
+ c +O

� 1√
λ

�
. (3)

The subleading term c has been the subject of some debate in the literature. In one-loop

energy corrections to spinning strings [13, 14, 15, 3] and to giant magnons [16], there

is a choice of how to regulate divergent sums over mode numbers, and using the same

momentum cutoff Λ for all modes leads to c = − log 2/2π. However it has been argued

that it is natural to use a cutoff of 2Λ for half of the modes (the heavy modes) and

this ‘new’ prescription leads instead to c = 0 [3, 17]. The same two prescriptions have

been implemented in a recent Hamiltonian analysis [18], which argues in favour of the

new prescription. Our paper is in some ways the Lagrangian analysis complementary

to this.

The sigma model in AdS4 × CP 3 has several novel features compared to that in

AdS5 × S5. One is that its excitations do not all have the same mass: half are ‘light’

(m = 1
2

in our conventions) and half are heavy (m = 1). Another is that the Lagrangian

has interactions starting at cubic order, rather than at quartic order [19, 11, 20], greatly

expanding the number of Feynman diagrams possible. The cubic interactions always

couple two light modes to one heavy mode, and therefore lead to bubble diagrams such

as

where we draw the heavy mode as a double line. In this diagram the same loop

momentum applies to both the heavy and the light mode, at least in the UV. This

points towards the ‘old’ prescription, of integrating up to the same momentum Λ for all

modes. In this paper we use primarily dimensional regularisation, but for the simplest

case can also obtain exactly the same results using a momentum cutoff.

In addition to the term coming from c = − log 2/2π, we also find (using either

regularisation procedure) some additional terms. These terms are present in both the

BMN and near-flat-space limit, and so do not represent a problem with the consistency

of the near-flat-space truncation. These extra terms differ for the various particles,

vanishing in the case of corrections to the light fermion propagator. This implies that

they break supersymmetry, possibly as a consequence of dimensional regularisation.

In fact these extra terms come (primarily) from the bubble diagram above, while

the term containing c = − log 2/2π comes from tadpole diagrams:

+

Each loop here contains only one mode, and so for these tadpole diagrams there is no

obstruction to changing the heavy mode cutoff to implement the ‘new’ sum. This change

If you use ι = 1
4
, κ = 1 (which is K 2 < Λ2 −m2 ∀ masses)

this cancels half the unwanted term... [MCA & Sundin, 2011]Hello this is a test.
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Apart from that...

• Note that we cannot implement the ‘new sum’, Λheavy = 2Λlight, for the

bubble term

CONTENTS 4

At small values of λ it is h(λ) = λ + O(λ3), but at large λ (relevant for semiclassical

strings) it is instead

h(λ) =

�
λ

2
+ c +O

� 1√
λ

�
. (3)

The subleading term c has been the subject of some debate in the literature. In one-loop

energy corrections to spinning strings [13, 14, 15, 3] and to giant magnons [16], there

is a choice of how to regulate divergent sums over mode numbers, and using the same

momentum cutoff Λ for all modes leads to c = − log 2/2π. However it has been argued

that it is natural to use a cutoff of 2Λ for half of the modes (the heavy modes) and

this ‘new’ prescription leads instead to c = 0 [3, 17]. The same two prescriptions have

been implemented in a recent Hamiltonian analysis [18], which argues in favour of the

new prescription. Our paper is in some ways the Lagrangian analysis complementary

to this.

The sigma model in AdS4 × CP 3 has several novel features compared to that in

AdS5 × S5. One is that its excitations do not all have the same mass: half are ‘light’

(m = 1
2

in our conventions) and half are heavy (m = 1). Another is that the Lagrangian

has interactions starting at cubic order, rather than at quartic order [19, 11, 20], greatly

expanding the number of Feynman diagrams possible. The cubic interactions always

couple two light modes to one heavy mode, and therefore lead to bubble diagrams such

as

where we draw the heavy mode as a double line. In this diagram the same loop

momentum applies to both the heavy and the light mode, at least in the UV. This

points towards the ‘old’ prescription, of integrating up to the same momentum Λ for all

modes. In this paper we use primarily dimensional regularisation, but for the simplest

case can also obtain exactly the same results using a momentum cutoff.

In addition to the term coming from c = − log 2/2π, we also find (using either

regularisation procedure) some additional terms. These terms are present in both the

BMN and near-flat-space limit, and so do not represent a problem with the consistency

of the near-flat-space truncation. These extra terms differ for the various particles,

vanishing in the case of corrections to the light fermion propagator. This implies that

they break supersymmetry, possibly as a consequence of dimensional regularisation.

In fact these extra terms come (primarily) from the bubble diagram above, while

the term containing c = − log 2/2π comes from tadpole diagrams:

+

Each loop here contains only one mode, and so for these tadpole diagrams there is no

obstruction to changing the heavy mode cutoff to implement the ‘new’ sum. This change

However (strictly in dim. reg.) the − log 2

2π
comes from tadpoles
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The subleading term c has been the subject of some debate in the literature. In one-loop

energy corrections to spinning strings [13, 14, 15, 3] and to giant magnons [16], there

is a choice of how to regulate divergent sums over mode numbers, and using the same

momentum cutoff Λ for all modes leads to c = − log 2/2π. However it has been argued

that it is natural to use a cutoff of 2Λ for half of the modes (the heavy modes) and

this ‘new’ prescription leads instead to c = 0 [3, 17]. The same two prescriptions have

been implemented in a recent Hamiltonian analysis [18], which argues in favour of the

new prescription. Our paper is in some ways the Lagrangian analysis complementary

to this.

The sigma model in AdS4 × CP 3 has several novel features compared to that in

AdS5 × S5. One is that its excitations do not all have the same mass: half are ‘light’

(m = 1
2

in our conventions) and half are heavy (m = 1). Another is that the Lagrangian

has interactions starting at cubic order, rather than at quartic order [19, 11, 20], greatly

expanding the number of Feynman diagrams possible. The cubic interactions always

couple two light modes to one heavy mode, and therefore lead to bubble diagrams such

as

where we draw the heavy mode as a double line. In this diagram the same loop

momentum applies to both the heavy and the light mode, at least in the UV. This

points towards the ‘old’ prescription, of integrating up to the same momentum Λ for all

modes. In this paper we use primarily dimensional regularisation, but for the simplest

case can also obtain exactly the same results using a momentum cutoff.

In addition to the term coming from c = − log 2/2π, we also find (using either

regularisation procedure) some additional terms. These terms are present in both the

BMN and near-flat-space limit, and so do not represent a problem with the consistency

of the near-flat-space truncation. These extra terms differ for the various particles,

vanishing in the case of corrections to the light fermion propagator. This implies that

they break supersymmetry, possibly as a consequence of dimensional regularisation.

In fact these extra terms come (primarily) from the bubble diagram above, while

the term containing c = − log 2/2π comes from tadpole diagrams:

+

Each loop here contains only one mode, and so for these tadpole diagrams there is no

obstruction to changing the heavy mode cutoff to implement the ‘new’ sum. This change
Changing Λ for heavy tadpole removes this term... thus almost c = 0.

• The decay heavy→light + light is allowed, in terms of energy:

∆my = −0.13 γp2
− → 2 ∆mω = −0.23 γp2

−

∆mz = −0.071 γp2
− → 2 ∆mψ = −0.11 γp2

−

Here ∆m = 1
2m
δm2 includes unwanted terms.

Without these, still allowed — we have δm2 = −c
p2
−√
2λ

for both.
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Conclusions

Heavy modes... 3• Are simply 4 of the 8 ⊥ directions in target space (+ fermions)

• Yet don’t appear in the spin chain / Bethe equations.

There was no such issue in AdS5 × S5.

• Are in some senses composite:

. in off-shell construction of modes in algebraic curve,

. (and as bound states in Lüscher calculations)

• ... and unstable:

. compare shifted masses in near-flat-space.

• But must still be included in semiclassical calculations!
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There are essentially two ways to cut these off:

“new” means exactly the same place in spectral plane: |x | > 1 + ε,

gives c = 0,

(approx. =
∑N

light +
∑2N

heavy, and energies Λ, 2Λ).

“physical” meaning exactly the same energy Λ,

gives c = − log 2

2π
,

(approx. =
∑N

all, and also
∫

1+ε
all).

For near-flat-space calculation,

• No clear way to implement “new”
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At small values of λ it is h(λ) = λ + O(λ3), but at large λ (relevant for semiclassical

strings) it is instead

h(λ) =

�
λ

2
+ c +O

� 1√
λ

�
. (3)

The subleading term c has been the subject of some debate in the literature. In one-loop

energy corrections to spinning strings [13, 14, 15, 3] and to giant magnons [16], there

is a choice of how to regulate divergent sums over mode numbers, and using the same

momentum cutoff Λ for all modes leads to c = − log 2/2π. However it has been argued

that it is natural to use a cutoff of 2Λ for half of the modes (the heavy modes) and

this ‘new’ prescription leads instead to c = 0 [3, 17]. The same two prescriptions have

been implemented in a recent Hamiltonian analysis [18], which argues in favour of the

new prescription. Our paper is in some ways the Lagrangian analysis complementary

to this.

The sigma model in AdS4 × CP 3 has several novel features compared to that in

AdS5 × S5. One is that its excitations do not all have the same mass: half are ‘light’

(m = 1
2

in our conventions) and half are heavy (m = 1). Another is that the Lagrangian

has interactions starting at cubic order, rather than at quartic order [19, 11, 20], greatly

expanding the number of Feynman diagrams possible. The cubic interactions always

couple two light modes to one heavy mode, and therefore lead to bubble diagrams such

as

where we draw the heavy mode as a double line. In this diagram the same loop

momentum applies to both the heavy and the light mode, at least in the UV. This

points towards the ‘old’ prescription, of integrating up to the same momentum Λ for all

modes. In this paper we use primarily dimensional regularisation, but for the simplest

case can also obtain exactly the same results using a momentum cutoff.

In addition to the term coming from c = − log 2/2π, we also find (using either

regularisation procedure) some additional terms. These terms are present in both the

BMN and near-flat-space limit, and so do not represent a problem with the consistency

of the near-flat-space truncation. These extra terms differ for the various particles,

vanishing in the case of corrections to the light fermion propagator. This implies that

they break supersymmetry, possibly as a consequence of dimensional regularisation.

In fact these extra terms come (primarily) from the bubble diagram above, while

the term containing c = − log 2/2π comes from tadpole diagrams:

+

Each loop here contains only one mode, and so for these tadpole diagrams there is no

obstruction to changing the heavy mode cutoff to implement the ‘new’ sum. This change

• And only imperfect implementation of “physical”?
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The End.
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